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Abstract

Contractions of Jordan algebras and Jordan superalgebras which preserve a
chosen grading are defined and studied. Simultaneous grading of Jordan
algebras and their representation spaces is used to develop a theory of grading,
preserving contractions of representations of Jordan algebras.

PACS numbers: 02.10.De, 02.20.Bb

1. Introduction

The purpose of this paper is to introduce graded contractions of Jordan algebras and their
representations the same way as was done for Lie algebras and their representations [1, 2].
The possibility of doing that stems from the possibility of simultaneously grading the algebras
and their representation spaces by automorphisms of finite order.

Jordan algebras emerged in physics [3] in order to axiomatize the algebraic relations of
quantum-mechanical observables. During the 20th century the theory was further developed
mainly by mathematicians. Expectations that Jordan theory could provide the algebraic
foundations of quantum theory did not fully materialize: the only Jordan structures totally
unrelated to associative structures are finite dimensional. Nevertheless, operator algebras are
often used in quantum (statistical) mechanics [7]. In [5], Jordan algebras were applied to
complex analysis to give an algebraic description of the bounded or unbounded domains of
holomorphy in C" arising in the theory of automorphic functions. Recently, quite unexpected
connections were found between Jordan algebras (Jordan triple systems) and KdV equations
[4]. It seems that representations of Jordan algebras are connected in this case with the
linear spectral problem. Interesting applications of Jordan algebras are also in [8, 9]. Further
exposition, addressed particularly to the physicist, can be found in [6]. For the Jordan
superalgebra see [17].
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As for Lie algebras, graded contractions of Jordan algebras are degenerations which
preserve a fixed grading of the algebra. Such a grading is obtained as a decomposition of
the algebra into the direct sum of eigenspaces of a chosen automorphism of the algebra. The
same automorphism also acts on any representation space. Their simultaneous grading thus
amounts to the decomposition of the algebra and of its representations into eigenspaces of the
same automorphism.

In the traditional approach, the contraction of an algebra is the continuous limit of a
parametrized family of isomorphic algebras. There is a considerable body of literature on this
subject [11, 12], as well as on the more general notion of the deformation of an algebra [13]. It
also harbours the main obstacles to a satisfactory theory: First, in its full generality the study of
all continuous deformations of the structure constants of an algebra offers such a bewildering
array of possibilities that one cannot hope to obtain precise and practical information except
in the simplest cases. Second, to be widely useful, deformations of algebras need to be
accompanied by deformations of their representations. The traditional theory offers little
guidance in that respect.

The process of graded contraction is functorial and depends on the grading group G
rather than on details of the structure of the algebra itself. Moreover, for any fixed grading
semigroup the problem is solved simultaneously for Jordan algebras and Jordan superalgebras.
By considering, along with the graded algebras, their compatibly graded representations, we
also obtain a theory of contractions of representations.

First we recall the definition of both Jordan algebras and superalgebras, some of their
properties and illustrate them by basic examples. We introduce (bi)-representations (or
(bi)modules) of Jordan algebras following [16]. Then we also define the notion of a special
representation for Jordan algebra which seems to be rather popular among both mathematicians
and physicists. Since the backbone of our method lies in the study of gradings, we do not
require other facts about Jordan algebras. However, further information about them may be
found in [15, 10] and, in detail, in [14].

In section 3, we bring up some results from [18, 19] about gradings of Jordan algebras.
First, we show that groups of automorphisms of Jordan algebra can be used to exploit the
properties of their elements of finite order. They allow us to find many non-equivalent gradings
of the algebras and their representations. Second, we formulate some results for gradings in
the case of simple Jordan algebra of bilinear form.

In section 4, the graded contractions of Jordan algebras (be it finite or infinite dimensional)
are introduced together with the graded contractions of Jordan superalgebras.

In section 5, we will illustrate our method by applying it to an arbitrary Jordan algebra or
superalgebra with Z,-, Zs- and Z;, x Z,-gradings.

In section 6, the general method of contractions of representations of Jordan algebras
is given. The representation theory of recently classified Jordan superalgebras is rather
incomplete at present. Therefore such representations are not considered here.

In section 7, one finds other useful examples of contractions of simultaneously graded
Jordan algebras and their representations.

Finally, in section 8, we demonstrate methods of comparison for the contraction of the
tensor product of two special Jordan modules with the tensor product of their contractions.

2. Jordan algebras and their representations

We restrict our considerations to algebras over the complex number field C. Recall that
a C-vector space J together with a composition J x J — J, (x,y) — x -y, is called a
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Jordan algebra, if all x, y, z € J and all « € C satisty

X-y=y-x (commutativity)
x-(y+z)=x-y+x-z (ax) -y = a(xy) (1)
()c2 SY)X = xz(y - X) where x> =x-x (Jordan identity).

The Jordan identity can be rewritten in terms of the associator (x, y, z),

(xy, 2=y -z—=x-(y-2)
as (x, y, x*) = 0. Furthermore, replacing x by x + Az, A € C and comparing the coefficients
of A, we get the so-called polarization formula:

2(x,y,z-x)+(z,y,x2):O forall x,y,ze€J.
Replacing x by x + Aw in the last formula gives us the multilinear identity
x,y,z-w)+(w,y,z-x)+ (@, y,x-w)y=0 forall x,y,z,w e J. 2)

Subsequently, the generalized Jordan identity (2) is recalled whenever we need to check
whether an algebra is Jordan.

Let A be an associative algebra. In analogy with the commutator [x, y] we may introduce
a symmetric (Jordan) multiplication

x-y:%(xy+yx) x,y € A.

The algebra obtained after introducing the multiplication x - y on the vector space A is denoted
by A®. Then A™ is a Jordan algebra and every subspace in A closed with respect to the
operation x - y = %(x y + yx), forms a subalgebra of A® and is consequently a Jordan algebra.
Such an algebra is called a special Jordan algebra.

Let V be a vector space of dimension greater than 1 over C, with a symmetric
non-degenerate bilinear form f(x, y). Let us consider the direct sum of vector spaces
J(V, f) =C-1& V. We define multiplication in the following way:

(x+x)*x(B+y)=aB+ f(x,y) 1+ (ay+pBx) forall a,€C x,yeV.
Then (J(V, f), ) is a simple special Jordan algebra.

Let G be an Abelian finite group and suppose J is a Jordan algebra graded by G. That
means we have the grading decomposition

I=
ieG

of J into the direct sum of grading subspaces J;, such that for every choice of x € J; and
y € J; we have

xX-y=z
where z belongs to the grading subspace J;.;. As a shorthand we rewrite this relation in terms
of the multiplication of the subspaces

Ji - Jj C Jisj i,j,i+tjeaq. 3)
Here we are using the additive notation for the multiplication in G.

Any Z,-graded algebra J = Jy @ J is called a superalgebra. A superalgebra J is said to
be commutative if

x-y=(=D"y.x for xeJy, yeJp. 4)

As was defined in [17], a Jordan superalgbera is a commutative superalgebra J with an
operation - which satisfies the following axiom:

=D,y z-w)+ (=DM w, y, 2. x0) + (=D (2, y,x - w) =0 (5)
where x € J,,z € Jg,w € J,, y € J. We will call the last equation a super-Jordan identity.
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The basic question of representation theory is about the problem of embedding a Jordan
algebra into an associative algebra A. We define such embeddings to be a homomorphism
of J into Jordan algebra A® obtained by replacing ordinary multiplication in an associative
algebra by Jordan multiplication. Of particular interest are the embeddings in matrix algebras,
or what amounts to the same thing, in algebra of linear transformations End(V'), where V is a
vector space. More precisely, if J is a Jordan algebra we call a vector space V with bilinear
compositions J x V — V, where (x,m) — xm and V x J — V, where (m,x) — mx a
Jordan bimodule if the split algebra

JOV=UJV,x* (x,m)x (y,n) =x-y+xn+my

for all x,y,z € J and m,n € V, is again a Jordan algebra. In terms of elements, we get
from (1) and (2)

mx = xm
(x'y,m,Z)"'()"Z»m»x)"'(Z'x»m»)’)=O (6)
x-z,yym)+(m-x,y,2)+(m-z,y,x)=0.

Consequently, a birepresentation is defined by two embeddings L, : J — End(V), sending
m — xm and R, : J — End(V), sending m — mx.

It is clear that since mx = xm, a Jordan bimodule can also be considered as a Jordan
right or left module. In the following the term Jordan module will be used for the left Jordan
module.

In particular, any vector space V together with a bilinear map J x V — V, such that

(x-y)ym = x(ym) + y(xm) forany x,yeJ meV @)

defines a Jordan module for J. A module of this type will be called special. For reference
see [8, 10].

Suppose that V and W are two special modules for a Jordan algebra J andletU = VQW.
Then it is clear that we can define compositions U x J — U and J x U — U by setting

(m; @ ma)x = m; ® xmy x(my @ my) = xmy @ my
my € V,mp € Wand x € J. Finally, we consider the new linearmap {,}: U x J — U,
{x, (m1 @ma)} = xm; @ ma+m; ® xmy (8)

which defines a Jordan module in U, see [16]. Let us stress here that the new module structure
we got on U has a structure of the Jordan (bi)module (not special Jordan module).

3. Gradings of simple Jordan algebras

In this section we want to provide a sufficiently large selection of gradings, so that subsequent
consideration of graded contractions is not deprived of explicit examples. In no way do we
attempt here to exhaust all the possible gradings.

Various gradings of a Jordan algebra are obtained by means of decomposition of Jordan
algebra into eigenspaces of one or several commuting automorphisms of the algebra. Two
gradings are equivalent if they can be transformed into each other by means of an automorphism
of the algebra. Examples of non-equivalent automorphisms providing equivalent gradings of
the algebra are abundant.

In general, non-equivalent gradings of finite-dimensional Jordan algebras have apparently
notbeen classified. A major step towards that goal, of interest on its own, would be a description
of all fine gradings (i.e. gradings which cannot be further refined) of simple Jordan algebras.
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It is quite likely that interesting objects related to such gradings would be their stabilizers,
particularly the subgroup of the stabilizer which permutes the subspaces of the decomposition.
See [21, 22] for curious examples of this kind from the Lie theory.

Conjugacy classes of elements of finite order of compact simply connected Lie groups
are known [20], and their description in any representation is given in [18]. Therefore they
can be directly used for the grading of Jordan subalgebras of M, (C)™.

Let us consider the Jordan algebra M, (C)™® of square matrices n x n. As the grading
automorphisms, we consider elements of finite order, gN = 1, in SU(n). The grading is
accomplished once we know the matrices X in

gXg™ =2X ©)
for all eigenvalues A. Thus it suffices to know each g only in the defining representation of
SU (n), that is as a unitary matrix n x n. From each conjugacy class of such automorphisms,
it is convenient to choose its unique element represented by a diagonal matrix.

Let us now describe the diagonal matrices representing each conjugacy class. An
SU (n)-conjugacy class of elements of finite order is completely characterized by n integers
[s0, S1, ..., Sy—1] such that

{50, S1 s Su_1} € 270 and gcd{so, S1, ..., S,—1} = 1.
Then the eigenvalues A in (9) are the Mth roots of unity, where M = Z::ol s;. Itis useful to
visualize s; as attached to the nodes of the extended Dynkin diagram of type A, ;.

Finally following section 9, remark 4 of [18], let us write an explicit expression for the
diagonal matrices g in three cases:

exp (i) 0
-2 — S0+S1 ] 10
" § ( 0 exp (7ig3-) 0 (10)
2mwi 25+
exp (4 ) 0 0
n=3 g= 0 exp(%ﬁ) 0 (11)
271 —s1—2s
O 0 exXp (% s0+1x|+x§)
eXp(%Ul) 0 0
: : : (12)
0 0 o exp (%Unq)
n—1 k—1 n
1<k<n M:Zsj Ukz—quq+Z(n—p)sp.
Jj=0 q=0 p=k
Note that the adjoint action (9) of g on the algebra is of order M, but the element g is of
order nM /c, where ¢ = ged{n, sy, ..., Sy—1}-

As an example of special cases of the diagonal matrices above, one can verify that the
elements of the centre of SU (n), which are all multiples of the identity matrix, have M = 1
and that there are precisely n of them all distinct. Indeed, their conjugacy classes are given by
[so, s1, ..., Sp—1] =1[1,0,...,0],10,1,0,...,0],...,[0,...,0, 1].

To illustrate, let us consider a simple special Jordan algebra

a d g
J=M;C)P =(X|XeC¥Y=|h b e (13)
foJoc
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graded by the element g = diag{#, 0, 62}, where @ is a root of unity. Then the adjoint action
of g on X € M3(C) gives

a od 67 'g
gXg'=\o""h b 07
of 6% c
Suppose that 2 = 1, then we immediately have Z,-grading on J
a 0 0 0 d ¢
J=bhd =0 b e|ld|h 0 0]. (14)
0 j ¢ f 00

By applying simultaneously the adjoint action by the element & = diag{1, y, y?} we
obtain Z, x Z,-grading on J

J = Joo ® Jo1 @ J10 D J1i

a 00 00 0 0 0 g 0 d 0 as)
=|0 b 0|l®|0 0 ¢|l®|0 0 OJ@|r 0 O
0 0 c 0 j 0 f 00 00 0

Let us remark that both of the gradings that we have obtained, give also the gradings for Jordan
algebras of symmetric matrices M = M7,
Suppose that 83 = 1 (in particular, § = 6~2). Then we get a Z3-grading for J

a 00 0 d 0 00 g
00 ¢ f 00 0 j 0

Let us now bring up some results about gradings of simple Jordan algebras of bilinear form
J(V, f). Dueto [19], any grading J (V, f) = @D, Ji by a group G over a field (char k # 2)
can be described as follows. There exists a graded basis B of V, which is a disjoint union of
B = B; U Bj U F and a bijection B > b <> b’ € B’ such that degh = (degb’)~' = 1 for any
b € B and (deg f)?> = 1 forany f € F. The sets B, and B’ are dual to each other, the duality
is established by the same bijection. F is orthonormal and orthogonal to both B, B’.

As an example let us consider a three-dimensional vector space V and a symmetric bilinear
form f; on V such that in some basis (v, va, v3) we have fi(vy, v2) = fi(vs, v3) = 1 and for
any other pair (i, j) fi(vi, v;) = 0. Then we have a Z3-grading of

J=Jy®Ji® o= (1,v3) D (v1) B (v). )

4. Graded contractions of Jordan algebras and superalgebras

In this section we will describe the method which allows us to find the contractions which
preserve a chosen fixed grading of a Jordan algebra or superalgebra. There is no restriction
as to the dimension of the algebra, it may be finite or infinite. No features are required other
than the presence of the chosen grading. We continually speak about Jordan algebras only
occasionally underlining the fact that superalgebras with the same type of grading are being
considered as well. Let G be an Abelian group and J is a Jordan algebra graded by G.

Let us now define the G-graded contractions. Suppose a G-graded Jordan algebra J is
given. A G-graded contraction J° of J:

T 1=

ieG
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is the Jordan algebra J¢ with the grading decomposition isomorphic to that of J and with the
contracted multiplications:

Ji = eijdi - Jj C &ijdisj (18)

given by the contraction parameters ¢;; € C. Here by J; - J; we mean a linear space generated
by the products of every element of J; with every element of J;. On the element level we have
x-fy=¢j z,wherex € Jj,ye Jj,z€ Jijandx -y =2.

The special case of contractions arises when the multiplication relations (18) are modified
by renormalization of the basis of the subspaces by arbitrary non-zero constants,

Jl-—>a,-Ji ieG a,-e(C a,-;éO.
Then in terms of the new basis we will have

a;a; ..
J,‘-Jjg "qu.j l,JGG.

Aj+j

Obviously such a ¢ = (g;;) = (%) determines a contraction. We will call two contractions
&1 and &, equivalent if one can be obtained from the other by renormalization of the basis of
the grading subspaces.

We say that the contraction is trivial if either J¢ is isomorphic to J, in cases where &;; = 1
or J¢ is a Jordan algebra with trivial multiplication, i.e. every ¢;; = 0. We then write ¢ = (0).
It is easy to check that both these cases satisfy (18). Obviously in both cases J¢ is a Jordan
algebra.

In general we shall not be interested in the details of the structure of J, but we will need
to specify whether J; - J; is identically zero or not. As in the case of Lie algebras, see [1], we
introduce the symmetric matrix k = (k;;):

o — 0 it Ji-J;=0

Y it Ji-J; #0.
Consequently we can write

Ji - Jj € kijJivj

and speak of a Jordan algebra J with G-structure x. The contraction is then determined by
the matrices x and €. In general, the problem of determining the non-trivial contractions ¢ has
to be solved for each G-graded structure k. Note that we have chosen to consider the most
general case of x = (1), the generic case where no J; - J; vanishes identically in (3).

To provide J® with the structure of a Jordan algebra the matrix & of the contraction
parameters (contraction matrix or just contraction for short) must violate neither the Jordan
identity (2) nor commutativity (1).

In the case of generic contraction, J? is again a Jordan algebra if (1) and (2) are satisfied:

eijti - Jj=ejidj-Ji
eijeri€il ji (Ji - Jj) - (S - 1) — eng i jrindi - (Jj - (i - Jp)
= eri&lj€rajiriJi - i) - (J1 - Jj) — ekiépaij€rvivjidr - (Jj - (S - Ji))
= gkt k+j (Ji - Jj) - (S - J1) — €i€isi, j€ivtwjk Ji - (Jj - (Jp - Ji)) (19)
as a shorthand we wrote these expressions in the form of a graded summand of J.
The equalities can hold simultaneously for any choice of elements of the corresponding
subspaces only if one has
gij = €ji EijEKIEK+, j+i = EKIE) k+1Ei, j+ktl = Eki€ljEl+) ki (20)
forallk,i, j,l € G.
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Let us make a final remark about non-generic cases. Suppose we have the G-grading of
Jordan which is non-generic. For all i, j such that J; - J; = 0 contraction parameter &;; is not
well defined, so in order to obtain a system of equations corresponding to this G-structure x
one needs to exclude from (19) all terms with ¢;;.

Any contraction is given by amap ¢ : G x G — C, with (i, j) — &;; subject to
equation (20). The set of such maps is closed under pointwise multiplication. Let us recall
some facts from [2] about contractions of a Lie algebra over C. Suppose that L is a G-graded
Lie algebra over C, then any contraction of Lie algebra L is given by ¢ : G x G — C such
that forany i, j,k € G

EijEivjk = € kEi, j+k- 2D

Moreover it was proved that contractions form a semigroup of 2-weak cohomology classes

H?(G, C) on G with coefficients in the field C. One may check that any solution of (21) also

satisfies (20). It follows immediately that any map ¢ : G x G — C which gives a contraction

of G-graded Lie algebra will also define a contraction for G-graded Jordan algebra or that any
element of H?(G, C) gives a contraction of G-graded Jordan algebra.

One observes that, instead of (2) and (1), the analogous super-Jordan identities (5) and

super-commutativity (4), would result in the same equation. Non-trivial solutions of (20)
determine the contractions in the generic case.

5. Examples of contractions of Jordan algebras and superalgebras

In this section we consider contractions of simple Jordan algebras and for the simplest cases
of G : Zy,73,7Zy x Zp. We would like to remark here that algebras which we get after
contractions of simple Jordan algebras could be interesting not only as illustrations of the
method of graded contractions but also as a source of Jordan non-simple algebras.

5.1. Contraction in the case G = 7

We consider any Jordan algebra J of finite or infinite dimension which is graded by the cyclic
group Z, of two elements. Thus we have

J=Jo®J, 0#Ji-J; C Jiyj j,i,i+j(mod2).

The most general contraction J — J¢ of J that preserves the Z,-grading is described in
terms of the matrix ¢ = (g;;) € C?*? of contraction parameters

Ji £ Jj = é‘ijJi'Jj gEl‘jJH,j i,j=0,1. (22)

Here the subscript ¢ denotes the contracted multiplication. We will introduce the following
convention: whenever gy # 0 we renormalize the basis of the grading subspace Jj such that
Eo0 = 1.

The Jordan algebra J and its contraction J® are isomorphic as linear spaces, only the
multiplication relations in /¢ are modified by (22). Equations (20) for /¢ being Jordan in the
7, case give

o1 = €10 810(8(2)0 - 8108i0)

2

=0
&% 600 = €2, en(&fy — €10€i0) =0 (23)
11€00 — €11€10 11\¢00 10€i0) —

where i = 0, 1. They are solved trivially either by

(11 " (00
=11 oy =10 o
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the cases of non-contraction or trivial contraction. The non-trivial contractions are given by
the remaining solutions. There are three non-equivalent non-trivial cases:

(1 (10 . (00
“a=\1 o 2=10 o an &=\ 1)

Comparing these results with the case of Z,-graded contractions of Lie algebra [1] one may
remark that we get the same non-equivalent contraction as in the Lie case. We illustrate this
result by calculating Z,-contractions for concrete Jordan algebras.

Example 5.1. Let / = Symm(3, C) be a Jordan algebra of symmetric matrices 3 x 3 over C.
The Z,-grading (14) of M3(C)™ induces Z,-grading of J = Jy @ J;, where

a 0 c 0 g O
c 0 d 0o f O

witha, b, c,d, f,g € C.

Contracting the algebra Symm(3, C) by ¢, €;, €3 we obtain the following algebras:

e J = (29)®Ce®V,wheree? = eand V = (vg, v1) is a two-dimensional module over
semisimple part Symm(2, C) & Ce such that E;jv; = ev; = %vl, Ex»vy = evy = %vo
and (E + Ep)v; = %vm, i(mod 2). By E;; we denote a matrix in which the only
non-zero entry is 1 on the ith row and the jth column.

o /2 = (‘Z 2) @ Ce® V, where e? = e and V is a two-dimensional module annihilated by
the semi-simple part Symm(2, C) @ Ce.

o JB = AW @V, where A® = (x, y)/(x, y)? is a three generated nilpotent associative
commutative algebra and V is a one-dimensional bimodule annihilated by A®.

Example 5.2. Let M;(0) be the algebra of all 3 x 3 matrices with elements in octonions
O with standard involution x — %. Consider the 27-dimensional simple Jordan algebra
J = Herm(3, Q) over C. Any element of J may be written as

a a b
X=1la B c
b ¢ vy

where «, 8,y € C and a,b,c € Q. The grading M3(Q)™ induces the Z,-grading of
Herm(3, O),

S Q
o

o 0 b
Jo=10 B8 0 Ji =
b 0 vy

S Q
al
(=]

Under contraction we get:

o J = (9 i) @ Ce @V, where ¢2 = ¢ and V = Quv; @ Qu, is a 16-dimensional
module over a semisimple part with Ejjv; = ev; = %vl, Ex»vy = evyg = %vo and
(bE>1 +bE2)v; = by, i(mod 2).

o J2 = (4 fj) @ Ce ® V, where ¢> = e and V is a 16-dimensional module annihilated by
the semisimple part Herm(2, Q) @ Ce (which is a subalgebra in J).

e J® =] @&V, where J/ = O[x, y]/(x> — 1, y> — 1, x3, y®) is a commutative nilpotent
26-dimensional algebra and V is a one-dimensional bimodule annihilated by J’.

In particular, one notes that all contracted Jordan algebras are special.
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Example 5.3. Let J, = Jo ® Ji; = (1,a) @ (§, n) be a simple Jordan superalgebra such that
a-E=Ea-n=na>=2a,>=n>=0and&-n=1+ta, wheret € C, ¢t 75—%. Then
we get the following contractions of J;:

e J/' ~ C®C@® (v, v2), is a Jordan superalgebra with Jy = Ce; & Ce; and ¢;v; = 0,
v; =0foralli, j € {0, 1).

o Ji? >~ J,® Jy, where J, = (£ -, v) such that v = nv = 0.

o JP ~ Jy® (£, n), where (£, n) is a Jordan algebra with a trivial multiplication.

5.2. Contraction in the case G = 73
Any Z3 Jordan algebra may be decomposed into
J=lh®J 8L 0#J;-J; C Jiyj J» i, i+ j(mod 3).

Any generic contraction is described in terms of matrix ¢ = (g;;) € C*3. In order for
the algebra J° to remain Jordan we deduce from equation (20) equations for the case of
Z5-grading:

3 2 2
€ij = &ji €i0 = €ip€00 = €in€po
2
11(o0gio — €joek0) =0 €11€12€00 = €11€128i0 = €71€22 24
2 3 2
E22E12800 = €22€128i0 = €35€11 &1 = &€51€i0

where i, j, k,l = 1,2. The solutions of these equations give 13 non-trivial non-equivalent
contractions:

1 00 1 10 1 0 1
ege=10 0 O =11 00 e3=10 0 O
0 0 0 0 0 0 1 00
0 0 0 1 00 0 0 O
=101 0 es=|0 1 0 =10 0 1
0 0 0 0 0 0 01 0
0 00 0 0 0 1 00
eg=10 1 1 =10 0 O =10 0 0
010 0 0 1 0 0 1
0 0 0 1 11 111
10 = 0 0 1 €11 = 1 00 €12 = 1 1 0
0 1 1 1 0 0 1 00
1 1 1
13 = 1 0 0
1 0 1

Let us make two remarks here. First, if we check the results from [1] we get the same
picture for Zs-contractions as for the case of Jordan algebras as for Zs-contraction for Lie
algebras. Second, one observes that contractions therein derived are symmetric with respect
to J; and J,. Therefore we will consider only one of each pair of cases above which differ by
interchanging J; < J>.

We calculate some contractions of Z3-graded Jordan algebra M3(C)™.
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Example 5.4. J = M3(C)™. In section 3 (16) we get a Z3-grading for J = Jo © J; @ J».
For this grading the contracted algebras will be the following:

e J =CepCaoCoV, where V is a six-dimensional bimodule annihilated by semisimple

part.

o J2 >~ JB =Ce; @ Cer ®Cezs d (V1o @ Vi3 D Vo3) @ V, where V,/ is a one-dimensional
module, such that e¢;v;; = ejv;; = %v,-j, vij € Vij,i =1,2,j =2,3and V is three-
dimensional bimodule annihilated by semisimple part.

o JH ~ J% = A® @ V, where AY = (x,y,2)/(x% y% 2%, xyz) is a three

generated nilpotent associative commutative algebra and V is three-dimensional bimodule
annihilated by A®.

e J5 ~ J¥ = AW C®C®C, where A® = (x,y,2)/(x?, y*, 7%, xyz) is a nilpotent
associative commutative algebra with three generators.

o Jo = AWM @ A® @ A® where A® = (x, y)/(x?, y?) and V is a three-dimensional
bimodule annihilated by A™.

e J&7 >~ J®1 = C(x, y, z), non-associative Grassman algebra.

o J1 =Ce; @ Ce, ® Ces ® (Via ® Vi3 @ Va3)?, where V;; and e; are as in J* and V.

Example 5.5. J = J(V, f1) (example from section 3). We demonstrated there that J admits
the following Zs-grading J = (1, v3) @ (v;) @ (vz). This grading is a non-generic grading
(JE = J3 = 0). In the case of non-generic gradings some of the terms in (19) would not be
present. Therefore the Z3-graded contractions of Jordan algebras with non-generic grading
structures are determined by a subset of equations (24). The solutions of (24) will also be the
solutions for the subsystem defined by the non-generic grading. We write some contractions
for J

o Jiix J5 ~ JO ~C @ Ce V, where V is a two-dimensional bimodule annihilated by
semi-simple part.

e J¥ >~ J% = (J,0), an algebra with zero multiplication.

o Jfo ~ Jo ~ J0 ~ SV, where S = (x, y)/(x?, y*) is an associative nilpotent algebra
and V is a one-dimensional module annihilated by S.

o Jo o JPi2 ~ Jo1 ~ Cey @ Cer @ (v, v2), Where ey, e, are idempotents and e v; = %vi,
foralli, j =1,2.

5.3. Contraction in the case G = 7y X 7

The graded group in this section is the tensor product of two cyclic groups of order 2. We
consider any Jordan algebra or superalgebra which admits a Z, x Z, grading. We then may
decompose J into

J = Joo ® Jo1 ® J10 D J11 suchthat  J;; - Jyy C Jisk, j4i

where the subscripts have two components, each read modulo 2. Again we restrict ourselves
to considering the generic case. Then matrix ¢ can be written as

€00,00 €00,01  €00,10  €00,11

€01,00 €o1,01  €01,10 €01,11

€10,00 €10,01 €10,10 €10,11

€11,00 €11,01  €11,10  €11,11
In this case we will not specify the equations of (20) for Z, x Z,. The reason why we do
not write the equations is that, first, Z,Z, is rich enough to provide a large system of equations
and, second, there are 41 non-equivalent contractions, including two trivial ones and they are
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exactly the same as non-trivial contractions for the case of Lie algebra Z, x Z,-contractions.
All of them are given in two tables in [1], therefore we refrain from writing them here. Rather
than trying to solve (20) for Z, x Z, directly, one may first observe that this system is solved
by tensor products of Z,-solutions (for the generic case). As an example, starting from three
non-trivial Z,-solutions &1, &;, €3 we got

1 010 00 00 0 00O
0 0 0 01 0 1 01 00
a®e=1y 9 0 o a®B=10 0 0 0 295=15 0 0 0
0 0 00 01 00 0 0 0O
(25
Example 5.6. J = Symm(3, C). From section 3 we have Z, x Z,-grading
a 0 0 0 d 0 0 0 O 0 0 g
J=10 b 0)d|d O OJ®l0 O f]e®|O0O O O
0 0 ¢ 0 0 O 0 f O g 0 0

For the contractions calculated above we will have:
o J1®2 ~ Ce; @ Cey ® Ces @ (v)) ® V, where e; are idempotents, V is a two-dimensional
bimodule annihilated by semi-simple part, ejv; = epv; = %v 1.
o J51%8 ~ (x y)/(x%, y3) @ V,, where (x, y) is an associative commutative algebra and V
is a two-dimensional bimodule annihilated by (x, y)/ (x2, y3).
o J2%% ~ (x y)/(x3) @ V, where V is a four-dimensional bi-module annihilated by

(e, /(7).

6. Contractions of representations of Jordan algebras

In this section we simultaneously define contractions for bimodules as well as for special
modules of Jordan algebra.

6.1. Contractions of Jordan modules

Suppose that J is a G-graded Jordan algebra. We set G-Mod(J) to be a category of G-graded
bimodules of J, i.e. J-bimodule V such that
e V is graded by G
OJ,"V]‘QVH.]' i,jGG.
Let ¢ be a contraction matrix for J, what means a map satisfying (20). Now we want V to be
a J®-bimodule. Let us consider a set of all maps ¢ : G x G — C, such that
i PkmPixjmik = ijPivjmPr.ivjsm = €jkPimPjrk.m+i
Eik€ivk,jPivjrhkom = EikPimPisk, j+m = PimPj.m+i Ok m+i+j (26)
= EjkPimPj+k.m+i = PhkmPj,m+kDimk+j
foralli, j,k,m € G.
Consequently, given ¢ satisfying (26) and V e G-Mod(J) we define V? to be the
J¢-modules with
e vector space structure equal to V;
e action of J¢ defined by
x v =¢ux-v x € (J9;,veV,
VP X =pv-x x e (J®;,veV,.

Both equations (26) provide that a new action J¢ on V satisfies (6). Thus V¢ is a J*-bimodule.
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6.2. Contraction of Jordan special modules

Let G-SMod(J) be a category of special G-graded modules of a Jordan algebra J. We consider
the set of all maps ¢ : G x G — C such that

8[j¢i+j,m = ¢j,i+m¢im = ¢jm¢i,j+m 27
foralli, j,k,m € G.

Again, given ¢ satisfying (27) and amodule W € G-SMod(J). we define on vector space
W a structure of special J¢-module W¢ by action

w-?x =¢iw-x x € ()i, we W,

Equation (27) provides W? becomes a special Jordan J®-module. Moreover, we remark
that solutions of the equations (27) for Jordan spatial modules coincide with the solutions of
the equations for contractions of Lie modules for Lie algebras [2]. Therefore, if we have a
contraction matrix of a G-graded Lie algebra (which will automatically be a contraction matrix
for a G-graded Jordan algebra), then the allowed contraction matrices for special modules for
the Jordan algebra case coincide with the contractions for the Lie-module case. In particular,
from [2] tables 1 and 2 we get the whole picture for the case Z,-, Z3-gradings respectively.

7. Examples of contractions of G-graded representations of contracted Jordan algebras

In this section, we consider the contractions of representations for contracted algebras mostly
from section 5.

7.1. Contractions in the case G = Z»
Suppose V € Z,-Mod(J) then the action of a Z,-graded J splits V into the direct sum
V=VWweV
where the subspaces V;,i = 0, 1 are defined by the grading properties:
0# J; Vi C Vism and 0# Vudi € Viem i,m,i +m(mod?2).
As above we assume the generic situation. We may also write V and JV as follows:
=) me =) () =Cnian) e
After contracting J by ¢ and V by ¢ we have
JEAy — <J0 J1>‘9 P (Vo) _ <¢00J0 ¢11J1> _ <V0> _ <¢0010V0+¢1111V1).
i Jo Vi $10d1 do1Jo Vi ¢o1JoVi + ¢10/1Vo
In particular, for the adjoint action of J° on itself, we have ¢ = ¢. Since we want V% to

be a Jordan bimodule for J#, ¢ has to satisfy (26) for the Z,-case:

b3 = da:c00 = Poicd, e11goi€10 = e11P10¢0i = Pidn

29
e11911(Poo — Po1) =0 d10(Yoidoj — €o1€x0) =0 d11(YoiPoj — €o1€x0) =0 (29)
fori, j,k=0,1and y € {¢, ¢}
Similarly, if we want V¢ € Z,-SMod(J) then ¢ satisfies (27) for the Z,-case.
g00doi = g, d10¢0i = 10010 (30)

d11d0i = d11€10 endoi = P11910 i=0,1
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Table 1. Non-trivial Z,-graded contractions of representations in the form (28).

e No Jv
(1 é) L (j? 2)(5?) = (lejnf(}ovl) E=¢
- (Jg Jl>(Vo) _ <10V0+Jl vl>
0 Jo/\W JoVi
e (5560 =Gw)
o G-
15 (o)1) = (aw)
) w BHH-() -
12 (5 0)() = ()
(o) mr (o)) =()  e=e
m2 (3 5)(0) = (i)
s (o )(11) = (av)
we (0)- )
L5 (JOI 8)(&?) = (Vo)

Solutions of equations (29) and (30) give sets of all Z,-contraction matrices for Jordan
modules and Jordan special modules respectively. It is clear that ¢ strictly depends on ¢. It
turns out that for any of the three non-trivial contractions ¢ of Jordan algebras, solutions of
(26) and of (27) coincide, moreover they also coincide with the solutions for the analogous
equations for the Z,-graded representations of Lie algebra, see [1]. Table 1 gives a complete
list of solutions in the form (28).

Example 7.1. Consider an example of the simple Jordan algebra J = Symm(2, C), the Jordan
algebra of 2 x 2 complex symmetric matrices, and its special Jordan module V = M,(C)™,
the space of 2 x 2 complex matrices. The standard basis of the algebra is given by the matrices
Eyy, Ex, h:= Ey + Ey, with E |, Ey being orthogonal idempotents and

Ey-h=Epn-h=1h h* = E\ + Ex.
Consider the following Z,-grading of J:
Jo=CE; 1 +CEyp, J1 =Ch
where C stands for an arbitrary complex coefficient. Then one can verify that
Jo-Jo=Jo Jo- i = Ji -y =Ch C J.
Consequently the grading is generic. The representation space V may also be graded
Vo =CF|; + CFpV, =CF) +CFy,

where F;j; denote a standard basis of V = M,(C).
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In this very simple example it is equally easy to write all relations in matrix form,

_aO ky O_ak1 0 _aO Onz_ 0 any
JoVo = (O c> ( k2> B ( 0 ckz) Jovi= (0 c) <n1 0) N (cnl 0 )

_ (0 b\ (ki O\ (0 bk (0 b\ (0 ny\ [(bny O
JlVO_(b 0)( k2>_(bk1 o) JlVl_(b 0) (nl 0)‘(0 bnz)

foralla, b, c, ky, ko, ny, ns.
We consider the contraction of J by ¢;. The entries I.1-1.5 of table 1 are the contractions
of the representations in this case. Thus, for I.1 we get

o

()

a 0 0 O ki O aky 0

J ) V= (J() 0> (V()) _ 0 ¢c 0O 0 kz _ 0 Ck2
Ji D Vi 0 b a O 0 ny 0 bk, + an,

b 0 0 c ny O bk, + cn; 0

Without loss of generality one may rewrite it as
k bk, +an
by — aky 2 2
I (bkl +an, cky '
Similarly for 1.2 of the table one finds

J-¢V: Jo N1 _ aky + bn, any .
0 J cng cky + bn,

Example 7.2. Let J be a Jordan algebra. Consider the contraction of J given by ¢; = (8 ?)
In this case (29) becomes

oo = po1 = P10¢11 = 0. 3D

One may easily check that for the case of a special Jordan module the system (30) becomes
(31). There are two possibilities for ¢ in this particular case:

(0w a()

In the form of (28) we write the contracted linear transformations as

0 aJ1 V() . aJ1V1 0 0 V() _ 0 32
0 0 Vi) 0 by 0)\Vvi) \baVy)® (32)

One can verify directly that (32) defines, indeed, representations of contracted Jordan algebra
JE.

7.2. Contractions for the case G = 73

Suppose V € Z3-Mod(J) then the action of a Z3-graded J splits V into the direct sum
V=VeoVieW

where the subspaces V;,i = 0, 1, 2 are defined by the grading properties:
0# J; Vi € Vism and 0# V,J; C Vi i,m,i+m(mod3).

We may write it in the form of (28)
Po0JoVo + P21 LV + d12J1 Vo
JEOV = | d1od1 Vo + o1 JoVi + ¢ o Va
@202 Vo + P11 Vi + doadoVa
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If we want V? to be a Jordan bimodule for J¢ then we need ¢ satisfying (26) for Zs:

£g0P00 = €00Py = Bio
£goPoi = E009g; = iy
®ioYooPoo = PioYoi Yoi = $oi Yoo Yoi
€iiioYoi = &iiPiodoo = Y0ibiiPio = GiiPioPoo = EiiioPio
GiiVoiYoi = i Voigoo = Biidoreoo = Piiboivor = Piidg;
D12000Y00 = P1290i Vo0 = E0iP12vo0 = P12y = Prady
Pije1182 = Qije12€i0 = PijPrd12 = PijP1021 = GijP1192

= ¢ije1200,i+j = Pije12P0; = €ii 7Py i+
&iPiivoi = Pii€iihoo = Piiiicio = PiiPii Pox k=0,1
giPii€io = €iiPiodii = PiodiiPii = €ii€iiPok k=0,1,2 (33)
GiidokPio = Piidiocio = EiiPrivor = PiiPioPoo k=1,2
engrodor = EiiPiodii = PoiPiidio = Piodii i

= GioPioPii = €ii€riPio = €iifoiPio k=0,i
e12Py = E1280kPom = coProBa1 = eudroPi2 = Yudi1dn = Pr2dadn

= 12020000 = P21P10¢01 = 21910600 k,m=0,1,2 1=1,2.

For all equations abovei = 1,2, j =1,2,a = —a and y € {¢, ¢}.

If we want V? to be a special Jordan module then from (27) we deduce the following
system of equations for ¢:

800¢Om = ¢§m 801¢1m = ¢1m¢0,m+1 = ¢1m¢0m
£02Pm = PomPo,mr2 = GP2mPom e1P2am = PimP1m+1 34
£001m = PP me2 £1200m = Pom Pl ms2 = P12, m+1

where m = 0, 1, 2 and subscripts are taken modulo 3.

As we have already mentioned, system (34) coincides with the system corresponding to
¢ for the case of representations of graded contractions for Lie algebras. Consequently, since
we obtained the same set of non-equivalent contractions, we obtain the same solutions as in
the case of Lie algebras. There is no need to rewrite the corresponding table, see table 2 in
[2]. Further, the solutions of (34) are also among the solutions of (33). However, (33) admits
other solutions. We will write them in table 2. There Jordan algebra contractions are given by
. The contractions of representations are given by the corresponding ¢. Out of three matrices
¢, which differ by cyclic permutation of columns, only one is shown.

Example 7.3. Consider the contraction J° given by

(==l

1 1
e=1|11 0
0 0

Let us consider two Jordan bimodule contractions

- o O
- o O
(==l

I 11
¢ = 1 0 0 and ¢ =
0 00
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Table 2. Non-trivial Z3-graded contractions of Jordan bimodules which are not contractions for

special Jordan modules.

Jv

No

—_— e e e —
-~ = = = S -~
o5 S < < o5 S
S+ o+ S + O S + O S+ o +
sttty s ey %t — — i — (% — CZiCe T
= = = > = = = > = > = o .o S = > = > o .o = o = = = s =
G L CLILACRLCLACILIOLTL L oSSt ieoli oSS I oo G = oLl EeL
~ ~ S SS ~ S ~ =S =S ~ e s =S SN < ~ ~ =SS S ~
I [ [ [ [ I I [ I I [ I " I I [ [ I I
——— — — — — — o — —— — —

SCoc o gobococotooboCc oo Yoo odooocNoleo s o oo NcEonboccgcdooooc
- - a = = - - -«

co oo
SCoNcocofoNNooNooocoNooNocooo0oo0co0oo00c0o00oo0®92Socoocooco0cocoo0co0o0®2Sococo oSS oo
~S oo

oo oo oodoolgogoogooSo oo SoocoNoogSYoJoocoNogdogldogo ooy

)

—~—~—— —— —~ ——~ ———~ ——0 0 O —— —— —— —— —— —— —— —— ——
S e e s e e e e e e e s e I e e s R = =T e e I R R e I e R e e s e e R S e N e e = =

SO OO O T OO0 —~00 0 00 —0 o000 —_ S OO OO O O DO DO OO0 O HO OO O 00O~
S = O O 00 00 000 —0 00 —O0 0 —O SO~ T 00O~ 0~ 0000 0 - 0O =0 =0 0O —

- ~ . — ~ n <

— — — — = = = = = = > > > > > > > > >
— e ————_ — —
S oo Socooco~“ococdooo S oo S~ o
coo —~—cocoocococo~o o —~o oo —
— oo —— 0 0 009 —o o coco
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Table 2. (Continued.)

& No 1% JYvV
000 000 0 0 0\ /W 0
(0 1 l) VIIL.1 (] 1 0) (Jl 0 0) (Vl) = (JlVg)
010 000 0 Ji 0 Va IVi
000 000 Vo 0
VIL.2 (1 0 0) (Jl 0 Jz) (Vl) = (11 V0+.]2V2)
001 000 Vs 0
000 000 Vo 0
Vit (1 0 O) ( 0 0) () _ ( )
100 5 00/ \vs hVo
000 000 Vo 0
viLa (0 0 O) (0 0 O) () _ ( o )
100 J 00 %3 L Vo
000 000 000 Vo 0
(0 0 0) VIIL.1 (1 0 0) (Jl 0 0) (Vl) = (J1 Vo)
001 100 J 00 Va LV
000 000 Vo 0
VIIL2 (1 0 0) (Jl 0 Jz) (Vl> = (J1 v0+12v2)
001 000 Va 0
000 000 Vo 0
VIIL3 (l 0 0) (Jl 0 0) (Vl) = (11 Vg)
000 000 Va 0
000 0 5 0\ /o LV
viiL (0 0 0) (0 : 0) (V) _ ( ) )
110 J 00 Vs FAAD)
100 100 Jo 0 0\ /W JoVo
(000) X1 (0 ! 0) (0 0 0)():( ) )
001 000 0 Ji 0 Vs L Vi
000 000 Vo 0
X2 (1 0 O) ( 0 ) () _ ( )
001 000 Vs 0
000 000 Vo 0
X3 ( 0 O) ( 0 O) () _ ( )
100 J, 00 Va LVo
000 000 Vo 0
X4 (l 0 0) (Jl 0 0) (Vl) = (leo)
000 000 Va 0
000 0 /0 Vo LV
x5 (000) (0 : o)(vl)=( ) )
110 J 00 Va LV
000 000 000 Vo 0
(0 0 l) X.1 (] 0 0) (Jl 0 0) (Vl) = (.]1‘/0)
011 000 000 Vs 0
000 000 Vo 0
x2 (1 0 0) ( 0 ) () _ ( )
001 000 \%3 0
000 000 Vo 0
X3 (1 0 O) ( 00 () _ ( )
100 5 00/ \vs h Vo
000 0 /0 Vo LV
X4 (000) (0 : O)():( 5 )
110 J 0 0 %3 L Vo

Here ¢; is an admissible contraction for both the Jordan and special Jordan modules,
while ¢, is a contraction matrix only in the case of a special module. In the form (28) we
write the contracted linear transformations as

Jo 0 O Vo JoVo
Ji b O Vil=1|4hV+JoW; 35)
0o 0 J Vs JoVa
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0 L 0y /W LV
o 0 ol(wvil=1 o | (36)
JZ 0 0 Vz Jz Vo

One can verify directly that (35) is, indeed, a special representation of the contracted
Jordan algebra J. We will check it for Jy - J; C J;

0 0 O Vo 0
SHJV=|Ji 00 Vil=1|JW
0 0 O Va 0

BV 2o a)v =138 (V) + La (agV)

| Jo 0 O 0 0 O Vo
==-10 J O Ji 0 0 Vi
0 0 J 0 0 O %)
1 0 0 O Jo 0 O Vo
+ 5 Ji 0 0 0 Jo O Vi
0 0 O 0 0 J Vs
0 0 0 | 0 0 Vo 0
= = JoJy 0 0+ E J1Jo 0 0 Vil=1|Jo/iVo
0O 0 0 0 00 Vs 0
With (36) it is not the case, since
0= (=R =0 (3V)
0o J, 0 0o J, O Vo | 0O 0 O Vo
=-10 0 O 0O 0 O Vi) + > 0O 0 O Vil #0.
JH 0 0 JH 0 0 Vs 0 LJ, O Vs

Straightforward, but long calculations show that (36) will give a Jordan bimodule for J*.

8. Contractions of tensor product of representations

Let ¢ define a contraction for G-graded Jordan algebra and let V, W be G-graded Jordan
special modules of J. Finally, let ¢ be a contraction of the G-graded Jordan special bimodule
compatible with ¢. Consider V ® W graded by G in the usual way:

vew,=Q view,
i+j=p
where i, j, p € G. Hence, due to (8), V ® W is a G-graded Jordan module of J with the
action defined by

(JLVRIW)=JVRQW+VRJW (37)

and we may contract V ® W by ¢. Here, as in the case of Lie algebras in [2], the equality
(37) is destroyed,

(J,(VOIWIP £ UV QIW+VQUV).
In order to restore (37) we introduce the tensor product contraction map 7:

VieW) =5;V,eW, (38)
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in analogy with (18). In terms of grading subspaces (37) and (38) can be written as follows:
(i, Vi@W)} =4V, W;+V, @ i W;
Tk i i i, (Vi @ W)t = driThni, j (JkVi)? @ Wi + pjTins; Vi @ (L W))?.
Both equations must hold simultaneously for all choices of elements of J, V; and W;. That is
possible only in the case when for each fixed ¢ the following system of equations is satisfied:

T Privj = OkiTheij = DkjTikrj- (39)
In order to find all tensor product contractions one needs to solve (39) for all fixed ¢.
Since we have obtained again the same equations for 7 as for the tensor product contractions
for the case of Lie algebras, a list of some solutions of (39) for specific gradings could be
found in [2].
One also may note that in the case of fixed contraction matrix ¢ equation (39) is always
solvedby t = ¢ = ¢.
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